tion; C, specific heat of material;'u, moisfure content of material; t, temperature; R,
outer radius of cylindrical specimen; x, variable radius of cylinder. Indices: m refers to
parameters of surrounding medium; O refers to initial state of material.
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THERMOELECTRIC AND GALVANOMAGNETIC PROPERTIES OF SYSTEMS WITH
MUTUALLY PENETRATING COMPONENTS

G. N. Dul'nev and V. V. Novikov UDC 537.32
The effective coefficients of thermal conductivity, electrical conductivity,
thermal emf, the effective Hall mobility, and the effective Hall coefficient

are determined, The analytical dependences obtained are compared with exper-
imental results for a Bi~Cd alloy.

Thermoelectrical Properties

The equations for the current density e and the heat flux density (energy) j in a
homogeneous substance under the superposition of electrical and thermal conductxvities have
the form [1]

]_':, —=oF ——aov?‘, &)
T, = aTj, —wT. (2)

The thermal emf coeffiéient o is determined from (1) for 3; = 0 and VT #0, i.e.,
oE —aoyT=0. (3

>
The coefficient of electrical conductivity ¢ is determined from (1) for VT = O, and the
coefficient of thermal conductivity A is determined from (2) for T, = O.

Let us determine the coefficients a, o, A for a two-component layered system (Fig. la)
when 3e and 3 are directed parallel to the layers along the X axis. The equivalent circuit
for this structure is shown in Fig. 1b.

Leningrad Institute of Precision Mechanies and Optics. Translated from Inzhenerno-
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Fig. 1. To calculate the properties of a layered sys-
tem: a) model of the layered structure; b, c) equiv-
alent circuit of the structure to determine the volt-
age drop of the electrical field parallel-and perpen-
dicular to the layers,

In this case the expression for the current density <§é> passing through the layer can
be written in the form

SIS S (4)

where m; and m, are the volume concentrations of the first and second components, respective-
ly. The angular brackets < > denote the average over the volume. The subscripts 1 and 2
will refer, here and henceforth, to the first and second components, respectively, and

<§éi> is the current density passing through the i-th component (i = 1, 2):

<7E‘i > = 61' <—.é> —O‘io'i < _V>T>. (5)

Substituting (5) into (4), we obtain
-]Z = (0ym, + 0'2”12)<E> — (0011 - 0y0y171) < €T >. (6)

Let us introduce the parameters oy, ai, theeffective coefficients of electrical conductivity
and thermal emf of the layered system when the layers are parallel to the fluxes, and let us
write for <Te>

<[> =01<E>—a0; <yT>. )
Taking account of (3), we determined ai, oy from (6) and (7)

oy = (@04 + 0sOyM,) (0411 + Oatmy) ™%, (8)

G| = 0,1y + Oy, (9)

. > .
It is seen from (4) that when the total current density <jo> equals zero the current in
the components is not zero for VT # 0, i.e., there exists a circulation current caused by
the difference in the thermoelectrical properties of the components.

The electromotive force in the circulation current loop equals (see Fig. 1b) v
e = (o — ) AT, (10)
where AT is the temperature difference between the isotherms bounding the layered system and
perpendicular to the X axis.

According to the second Kirchhoff law

e= IR, + LR, (11)

Here I, and I, are the total circulation currents flowing through the first and second com-
ponents, respectively; Ry = L/(0:8:) and R, = L/(02S2) are the resistances of the first and
second components to the electric current; S; = n;l;L, Sz = nzlzL; n,; is the number of
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layers of the first component of height 1,; ne 1s the number of layers of the second compo-
nent of hedght 1. (see Fig. la). In the case I; = I,, then taking account of (10) we deter-
mine from (11) ,

I = '(%—%)AT
=

@
R1R, 12

in the loop.

From (12) the expression for the circulation current density can be written in the form
(I, = <TJ*e1‘>S;)=

<Jea=> = (0 — 04) 0,0, (M0 + m,0,) 71 < V—’T>- (13)

The expression for the total heat flux density (energy) passing through the layers be-
comes, analogously to (5),

<;:1> == (“1T<;:1> —h<yT'>)m, + (%T<-—f:,2> — A, & €T>)m2 14
Hence, if <3?e> = 0, then <E])e;>m1 = — <3rez>ﬁz, and (1l4) can be rewritten
<jg= =(g—o)T< j:1> my — (Ayng 4 Agtity) <V7‘>. (15)

Let us rewrite (15) taking (13) into account

- — 2 -
< ]q> = [ (az a_l) 0’10'2mlm2 T + A’]_ml + }\'zmz}<VT>u (16)
46, - m,o,

We therefore obtain the following effective coefficient of thermal conductivity of the
layered system JA; when the layers are parallel <3q>:

- 2
)“ | = (“2 OL]) Glczmlmz T + )"lml + 7"2m2~ (17)
m0; —+ my0,

It is seen from (17) that because of the circulation currents an additional thermal con-
ductivity occurs which equals

(0t — 0y)* 0,0,mymy T.

Ay = 18
mo, + myo, (18)

If a; = az, then the effective coefficient of thermal conductivity is
Ay = hymy -+ Ay, (19)

Now let us examine the case when thé fluxes El?e and ﬁ*q are directed perpendicularly to
the layers along the Z axis. The equivalent circuit in this case is shown in Fig. lc.

The total current density passing perpendicular to the layers equals

<l =<ju>=<i>. (20)
Hence,

Analogously, for the heat flux

<[> =<ip>=<p> <VI>=m<yl>+m<yl>. (22)

It is seen from (20) that no circulation currents occur in the system in this case,
since if <Jg> = 0, then <Jg;> = <Je2> = 0. Thus, <E;> and <E.;> equal
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<E>=o<yl,> <E>=a<yl,>, (23)
then we obtain from (23)

<E> == ”Zlal< V-qu> + mZCZZ << V‘?‘2>- (24)

The effective coefficient of the thermal emf o, of the layered system for a direction
<je> perpendicular to the layers has the form

<vT <yT,>
oy = myoy VA g, V2T (25)

<yT> <yT>

Taking into account that
m, < Vzl > Aytry Com, < V_’T2> - Ayttt , (26)
<vyT> Myhg - moh, <vyT > by + myhy
we obtain

o = (ahotmy + aphymy) (A, - Amy) Y, (27)

from which it is seen that upon disposition of the layers perpendicular to the streams <§é>
and <j,>, the effective coefficient of the thermal emf is independent of the electrical con-
ductivity of the components.

The effective coefficients of electrical conductivity O and thermal conductivity A, are
determined from (20)-(22) in the form

0y = (mlol—l -+ mzc—l -+ Ap)—l; }"_L == (ml}“i—l + mz"fg_l)—la (28)

where Ap = myma{as — 1) 2T(Aimz + Azm;) ' is the additional electrical resistivity due to
the thermoelectric inhomogeneities,

Thermoelectrical Properties of a System with Mutually Penetrating Components

The model of a structure in the form of a set of two isotropic spatially mutually pene-
trating latticesof cubic symmetry was used in [2, 3] for the examination of two-component
systems. It was assumed that the initial properties of the components do not vary with the
change in concentration. An elementary cell of the model, any face of which can be oriented
perpendicular to the gradient of the field potential, is shown in Fig. 2a. In this case, the
two faces of the cell which are perpendicular to the gradient are isopotential planes, and
the remaining four are planes impermeable to the current line. As is recommended in [3],
let us divide the elementary cell by a system of two infinitely thin planes 1-1 and 2-2
which are impermeable to the current lines (Fig., 2a2). In this case the equivalent circuit
is shown in Fig. 2b.

IV / \
. \’ 2 /// \\\‘ ] 5
< AL Pr[
~ -

N b Al A«

//

| S
m
e
Nm
2
| aumaany |
N g

Fig. 2. To calculate the thermoelectrical properties
of a gystem with mutually penetrating components: a)
elementary cell of the model; b) equivalent circuit.
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In this case the expression for the flux density (heat, electricity) <§k> (k = e, q
through the elementary cell can be written in the form

<ﬁ>=CZ<7M>+(1~C)2<132>+2C(1—C)<Em>, (29)

where <Jk1> 'is the flux density passing through only the first component; <jk2> is the flux
density passing through only the second component; and <Jk12> is the flux density passing
through the first and second components in sequence.

The value C = A/L is related uniquely to the mz volume concentration of the second com-
ponent [2, 3]

2C* —3Ct+ 1 = m,. (30)

Using (5) and (29), the expression for the effective coefficient of the thermal emf is
obtained as

’ ; o, h,C + ayh, (1 —C) 6,0,C(1—C) 1
Cofs= P {aUCL+ao(L-QZ‘2[ v s ][ 12
e Lir) %101 203 )T AM(1—C) +1C ol —-C)—l—GzCJ (31)
where peff is an effective coefficient of electrical resistivity equal to
Pegi= {0:C? + 0, (1 —Cy2 + 2C (1 —-C) [Cor! + (1 —C)oy'+ Aol ™7, (32)

where Ap = C(1 — C) (@2 — ;) ®T[A, (1 — C) + AzC]'1 is the additional electrical resistivity
due to the thermoelectrical inhomogeneities.

The effective coefficient of thermal conductivity for systems with mutually penetrating
components Aaff can be written in the form

A= A7"eff+ Megp (33)

where Alggs is the additional thermal conductivity occurring under the effect of circulation
currents caused by the difference between the thermoelectrical properties of the system com-
ponents}

(34)

Ahegr= (al—ocz)zT[ (S 91% ca—cy ]

pr(1—C+ C) +p,C(1—C) HC(1—C)+p(1—CHC?)

_k° is the effective thermal conductivity in the absence of circulation currents [3], which
equals

M= 2,C? + by (1 — ) + 2hyhy [b, (1— C) + 1L (35)

For a quantitative confirmation of the formulas obtained for ogff, Ceff, and A.¢g, the
computed values were compared with experimental results for a eutectic Bi—Cd alloy f4, 5].
The comparison is presented in Fig. 3 and exhibits satisfactory agreement.

Galvanomagnetic Phenomena., Hall Effect

The equation for the current density je in a conductor placed in a magnetic field has
the form

<[,>=0,E+ o ExBl, o, =0[l+ BP™\ (36)

If the magnetic field direction B is selected parallel to the Z axis, then (36) can be
written in the form

};x = O'M_éxf— O'MP'HBZEW (37)
;:y = GM“HBZ_EJC "l— Gniﬁy’ (38)
fur = OE,. (39)
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e o 1™ Fig. 3. Concentration dependence of the
\YK\\ coefficients: 1) electrical resistivity
oeff [4]; 2) thermal conductivity leff
oy ezp e —/ 1%8 15]1; 3) thermal emf aeff [4]; 4) Hall co-
2 ::; efficient Reff [4] for the eutectic alloy
- Bi—Cd. Curves I-IV are a computation us-
e 1% ing (31), (32), (33), (64), respectively;
. the points are experimental data. R,
600 - - dgs em®/Cy A, W/m®<Kja, uV/°K; p, uQecm.
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od

The Hall mobility ull can be determined if it is assumed that 36x # 0 in the conductor
whose dimensions are bounded, butjey =0 and jaz = 0; i.e., we obtain from (38)

wh — —E (E.B) . (40)
Substituting (40) into (37), we obtain
fox = 0 11+ WFBA E,. (41)
The Hall coefficient RH equals
RH = —Eg[ G:xgz)—l' (42)
Taking (41) into account, (42) becomes
RH = P’H {GM [1 + (HHBZ)ZI}“I' (43)

In a weak magnetic field (uHBz << 1), there follows from (43) that

RH — uHg™™, (44)

Let us determine the Hall mobility pH and Hall coefficient RE for a layered system (Fig.
la). 1If the layers are perpendicular to the current flowing through the specimen ‘f;and
parallel to the magnetic field By, then the boundary conditions are written in the form

<J> = <> = <> <y =y < gy >y <> =0, (45)
<E,>=m < E,>Am<Ey>i<E,>=<E,>=<E,>. (46)

The mean current density passing through the i-th component parallel to the X axis (i =
1, 2)

<jzi> :UMi<Ezi>_6Mi“{13x< Eyi>’ (47)
and the current parallel to the y axis <§§i> equals

<}';Ji = = GMiP’iH Ex < E_rzi >+ou<< Eyi>- (48)

It is seen from (45) that if the galvanomagnetic properties of the components are dis-
tinct, then a Hall circulation current parallel to the y axis occurs in the system. The
equivalent circuit for the Hall current has the form shown in Fig. lb.

The effective Hall mobility pH can be determined from (45) and (46), with (47) and (48)
taken into account, in the form

- CiOma (mlp'lli + mzH];)
mymy (G, uf — Oyt )2 BZ + (MmO, + my0,,) (M0, + myo,) 9]

w
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Fig. 4. To calculate the effective Hall
mobility of a system with mutually pene-
trating components: a) equivalent cir-
cuit of an elementary cell for a current
flowing through the specimen, and b)
equivalent circuit of an elementary cell
for the Hall voltage.

The first member in the denominator of (49) is much less than the second in a weak mag-
netic field, and ul becomes
_ 00 (mpd - mpd)
(mo, + myo,) (M0, + n,0,)

ph (50)

Taking account of (44), we obtain an expression for the effective Hall coefficient from
(50) :

mye\ R + my0,RY

= (51)
1 mo, + my0,

Let us determine the effective Hall mobility and Hall coefficient when the layers are
parallel to the current <3§x> and the magnetic field ﬁy. The equivalent circuit to deter-
mine the Hall voltage <Ez> is shown in Fig. lc. In this case the total Hall voltage is

<E,>=m<E,>+m<E,>. (52)
Hence, according to (40),
<Q>=—uB<E>~<%>——pB<E>~ (53)
Taking account of (53), we determine the effective Hall mobility from (52):
wlf = mypl! + mplf . (54)

We obtain from (54) the expression for the Hall coefficient R in a weak magnetic field
" in the form
mo R + myo,RY

"o .
Rii = m,o, + m,o, (33)

Let us determine the effective Hall mobility and Hall coefficient when the layers are
parallel to the current passing through the specimen and perpendicular to the magnetic field.
The equivalent circuit for the Hall current has the form shown in Fig. 1b. In this case the
boundary conditions are written as follows:

<jx>=’n)<};l>+m2<_fx2>; <;;>=m1<]?;1>+<i;2>m2 =07 (56)
<E>=<E,>=<E,> <E>=<E,>=<E,> (57)

We obtain the effective Hall mobility from (56) and (57) :

o _ Owb MOy ' (58)
m MGy - MyOyy

We determine the Hall coefficient R?II in a weak magnetic field from (58) in the form
myoiRY + myof RY
mc, + my0,

Rf, = (59)
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Effective Hall Mobility of Systems with Mutually Penetrating Components

In determining the approximate expression for the effective Hall mobility we divide the
elementary cell into separate elements. The equivalent circuit of the elementary cell of
the model for the current <j,,> flowing through the specimen, obtained by partitioning+the
elementary cells by the planes 1—1 and 2—2 which are impermeable to the current line <Jez>s
is shown in Fig. 4a. The equivalent circuit for the Hall circulation current, obtained by
partitioning the elementary cell by the plane 3-3, which is impermeable to the.Hall circula-
tion current <Jey>, and by the isopotential plane 2-2 for the Hall voltage <§y>, is shown
in Fig. 4b.

By using the results obtained [(50), (54), (58)], an expression can be written for the
effective Hall mobility in systems with mutually penetrating components :

per= 0, lC30; + (1 — CPpdl oy + C (1 —C) (o + oy pii, (60)
where

OO [CM{{ + (1 - C) “’5’]

”‘H = 2 B T T ? (61)
10 C (1 — C) (0511”7 - 0-1\12,"“2 )z B; + [CGML + (1_ C) GM2] [CGM2+ (1~C) GMI]

Oy = CGMl -+ Om1 2 (l - C) [GMI (1 - C) + O‘MZC]‘—I' . (62)

GII = (1 - C) Oz + GMIGMZC [UMI (1 - C) + GMZC]_I' (63)

The effective Hall coefficient Rgff in a weak magnetic field can be determined from (61)
in the form

H . o [ ropn . . C(1—C)om
Reff %fflc R0, -+ (1 — C)? RY 0,0, + Coy+ (1 — é)zgl (o, +oyp) R?o] ’ (64)

where

Co R 4- (1 — C)o,RY _
Co, +(I—=Cjo, (65)

H o .
RIO—'

A comparison of the concentration dependence of Rgff computed by means of (64) with the
experimental results for the eutectic alloy Bi—Cd is presented in Fig. 3 and exhibits good
qualitative agreement,

NOTATION

3, flux density (heat, electricity); E, electrical field intensity; $T, temperature
gradient; B, magnetic field intensity; o, o, A, coefficients of electrical conductivity,
thermal emf, thermal conductivity; ug, drift mobility of the carriers; uH, Hall mobility;

RH, Hall coefficient; mj, volume concentration of the i-th component; €, electromotive force.
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